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ABSTRACT 

A mathematical model o f  random wind v e l o c i t y  i s  presented  f o r  use 

i n  the  s y n t h e s i s  of a n  analog computer network t o  s imula te  wind turbulence .  

A syn thes i s  technique,  c a l l e d  the  covariance-expansion method, i s  app l i ed  

t o  the  mechanization of t h e  model. 

work s imula tes  t he  e f f e c t  o f  wind turbulence on a vehic le  a s  i t  moves on 

an a r b i t r a r y  p a t h  i n  space.  The inpu t s  t o  the  analog computer network a r e  

( a )  a Gaussian white-noise random process  and ( b )  appropr i a t e  func t ions  of 

time cha rac t e r i z ing  the  v a r i a b l e  p o s i t i o n  of t h e  moving vehic le .  

The output  of t he  analog computer ne t -  
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I. INTRODUCTION 

This t e c h n i c a l  no te  summarizes t h e  most important  r e s u l t s  o f  t he  

work on nons ta t ionary  random processes  t h a t  has  been c a r r i e d  o u t  under 

Georgia Tech Research P r o j e c t  No.  A-588 f o r  t h e  F l i g h t  Simulat ion Branch, 

Computation Div is ion ,  of George C .  Marshal l  Space F l i g h t  Center .  A mathe- 

m a t i c a l  model o f  random wind ve loc i ty  i s  p re sen ted ,  and t h e  prev ious ly  de- 

veloped "covariance-expansion' '  syn thes is  procedure i s  app l i ed  t o  the  mechan- 

i z a t i o n  of t h i s  mathematical  model w i t h  an analog computer network. The 

s t r u c t u r e  of t h e  mathematical  model has  been s e l e c t e d  t o  minimize t h e  amount 

of experimental  wind d a t a  necessary t o  determine t h e  parameters of the model 

and t o  avoid excess ive  complexity o f  t h e  analog computer network t h a t  i s  

used t o  mechanize t h e  model. 

The mathematical  model cha rac t e r i zes  t h e  t h r e e  components of  t he  

vec tor  wind v e l o c i t y  as Gaussian random processes  t h a t  a r e  dependent on 

t i m e  and on s p a t i a l  p o s i t i o n .  A procedure i s  shown f o r  t he  syn thes i s  of  an  

analog computer network having as ou tpu t s  three v a r i a b l e s  t h a t  approximate 

the  components o f  t h e  vec to r  wind v e l o c i t y  a t  any s p e c i f i e d  time and pos i -  

t i o n  i n  space.  These ou tpu t s  simulate t h e  effect  o f  random wind turbulence  

on a rocket  o r  o the r  aerospace vehicle  i n  f l i g h t .  The ana log  computer ne t -  

work has  as inpu t s  a Gaussian white-noise random process ,  a func t ion  of  

t i m e  r ep resen t ing  t h e  instantaneous a l t i t u d e  of  t h e  moving veh ic l e ,  and a 

f u n c t i o n  of  t i m e  r ep resen t ing  the  s c a l a r  v e l o c i t y  of the vehic le .  A s i n g l e  

analog computer network i s  used i n  t h e  s imula t ion .  

syn thes i ze  a d i f f e r e n t  network for  each  d i f f e r e n t  f l i g h t  pa th .  

It i s  not  necessary t o  

The covariance-expansion syn thes i s  method has been d iscussed  i n  de- 

t a i l  i n  P r o j e c t  A-588 Technical  Notes  Nos. 3 and ll (see Bibl iography a t  

end o f  t h i s  r e p o r t ) .  

f o r e  no t  included i n  t h e  p re sen t  summary. Only those  s t e p s  a r e  included 

t h a t  a r e  necessary  f o r  t h e  implementation o f  t h e  procedure.  

Details  of proof of v a l i d i t y  f o r  t h e  method are  the re -  

Chapter V of t h i s  t echn ica l  note  d i scusses  the  mechanization o f  a 

s imple mathematical  model o f  one ho r i zon ta l  component of  wind v e l o c i t y .  

Th i s  mechanization permi ts  t h e  s imulat ion o f  t h e  wind d is turbance  t h a t  

a f f e c t s  a veh ic l e  moving on an a r b i t r a r y  p a t h  i n  three-dimensional  space.  

The parameters  of t h i s  model have been determined by use o f  experimental  

wind d a t a .  Wind p r o f i l e s  generated by the  analog computer network are shown 

- 1- 



for comparison w i t h  a c t u a l  wind p r o f i l e s  determined by r ada r  observa t ion  of 

a n  ascending Jimsphere ba l loon .  
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11. A MATHEMATICAL MODEL FOR RANDOM WIND VELOCITY 

I n  t h i s  chapter  a mathematical model of  random wind v e l o c i t y  i s  pre-  

sen ted .  Wind v e l o c i t y  i s  cha rac t e r i zed  a s  a vector-valued Gaussian random 

process  depending on time and s p a t i a l  p o s i t i o n .  The s t r u c t u r e  of the  mathe- 

ma t i ca l  model has  been s e l e c t e d  t o  minimize t h e  amount of experimental  wind 

d a t a  necessary  t o  determine the  parameters of t he  model and t o  avoid excess-  

i v e  complexity of the  ana log  computer network t h a t  i s  used t o  mechanize t h e  

model. 

2-1. D e f i n i t i o n  of Coordinate System 

Wind v e l o c i t y  - w ,  expressed i n  meters pe r  second, w i l l  be cha rac t e r -  

i z e d  a s  a vector-valued random process having t h r e e  components--w w , and 

w . The magnitude of  t h e  wind ve loc i ty  w i l l  be denoted as w .  The random 

process  - w is  assumed t o  depend on t ime and on t h r e e  coord ina tes  descr ib ing  

s p a t i a l  p o s i t i o n .  Time t i s  expressed i n  seconds. P o s i t i o n  i s  descr ibed by 

a r ec t angu la r  coord ina te  system, wi th  t h e  axes chosen i n  a somewhat unortho- 

dox f a sh ion  for reasons of convenience which w i l l  be  apparent  l a t e r .  The 

p o s i t i v e  y a x i s ,  i n d i c a t i n g  a l t i t u d e ,  i s  d i r e c t e d  v e r t i c a l l y  upward from t h e  

s u r f a c e  of  t h e  e a r t h .  The x a x i s  i s  chosen t o  be p o s i t i v e  toward t h e  e a s t ,  

w h i l e  t h e  z a x i s  i s  taken p o s i t i v e  toward t h e  no r th .  The s p a t i a l  coord ina tes  

x ,  y ,  and z are expressed i n  ki lometers .  

I n  t h i s  t e c h n i c a l  no te ,  two v a r i a t i o n s  of a mathematical  model f o r  

x’ Y 
z 

c h a r a c t e r i z i n g  vec tor  wind ve loc i ty  are presented .  

v a r i a t i o n s  i t  i s  advantageous t o  descr ibe  t h e  d i r e c t i o n  of t he  vector  wind 

v e l o c i t y  - w by two ang les ,  0 and Y ,  

between the  p o s i t i v e  x a x i s  and a r a d i u s  vec tor  i n  t h e  h o r i z o n t a l  x-z p lane .  

This  angle  i s  measured i n  rad ians  and i s  taken t o  be p o s i t i v e  i n  t h e  d i r ec -  

t i o n  of r o t a t i o n  from t h e  p o s i t i v e  x a x i s  t o  the p o s i t i v e  z a x i s .  The r ad ius  

v e c t o r  i s  d i r e c t e d  e i t h e r  i n  t h e  same d i r e c t i o n  a s  t h e  p r o j e c t i o n  of - w i n  t h e  

h o r i z o n t a l  x-z p l ane  o r  i n  the  d i r e c t i o n  oppos i te  t o  t h i s  p r o j e c t i o n .  

shown i n  F igure  2 .1 ,  Y i s  t h e  angle between the h o r i z o n t a l  r ad ius  vec tor  j u s t  

de f ined  and t h e  vec tor  wind ve loc i ty  - w .  

and i s  taken t o  be p o s i t i v e  i n  the d i r e c t i o n  of r o t a t i o n  from the  r ad ius  vec- 

t o r  toward the  p o s i t i v e  y a x i s .  

I n  t he  f i r s t  of t hese  

A s  i s  shown i n  F igure  2.1,  0 i s  the  angle  

A s  i s  

This  angle  i s  measured i n  rad ians  

- 3- 
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F igure  2 . 1 .  Coordinates Descr ibing P o s i t i o n  and D i r e c t i o n  o f  Wind Ve loc i ty  - w .  

The angle  Y desc r ibes  the v e r t i c a l  o r i e n t a t i o n  of t h e  vec tor  - w ,  whi le  

the angle  0 i s  p r imar i ly  r e l a t e d  t o  the  h o r i z o n t a l  o r i e n t a t i o n  of - w .  

should be noted t h a t  the h o r i z o n t a l  o r i e n t a t i o n  of  - w i s  not  uniquely d e t e r -  

mined un le s s  both  Y and 0 are s p e c i f i e d .  

t i c a l  model t o  be presented i t  i s  necessary t h a t  no c o n s t r a i n t s  be imposed 

on the  range of  values tha t  may be assumed by e i the r  d i r e c t i o n a l  angle .  

It 

For implementation of  t h e  mathema- 

The wind ve loc i ty  may be expressed i n  g e n e r a l  as 

w = w  u + W Y ~ + W Z Y Z  Y (2.1) 
x -x - 

where -x’ u -y’ u and a r e  u n i t  vec to r s  i n  t h e  p o s i t i v e  x ,  y ,  and z d i r e c t i o n s .  

An inspec t ion  of Figure 2 . 1  shows tha t  a t  any p o s i t i o n  ( x , y , z )  t h e  components 

o f  t h e  vec tor  wind v e l o c i t y  a r e  g iven  by t h e  r e l a t i o n s h i p s  

w = w COS Y COS 0 ;  w = w s i n  y; w = w cos \y s i n  0 . ( 2 . 2 )  
X Y z 

-4- 



I n  o rde r  t o  f u r t h e r  def ine  t h e  mathematical  model f o r  wind v e l o c i t y  

considered a s  a vector-valued random process  i n  t ime,  assumptions a r e  made 

concerning var ious  s t a t i s t i c a l  p r o p e r t i e s  of i t s  magnitude and d i r e c t i o n  

c h a r a c t e r i s t i c s ,  as noted i n  t h e  next f i v e  s e c t i o n s .  

' -  

2-2. Assumption 1-Magnitude and D i r e c t i o n  

F i r s t  Var ia t ion :  The i n i t i a l  s imp l i fy ing  assumption t o  be made i s  

t h a t  t he  magnitude of t h e  vec tor  wind v e l o c i t y  i s  s t a t i s t i c a l l j T  independent 

of i t s  d i r e c t i o n ,  and fur thermore t h a t  t h e  d i r e c t i o n a l  angle  6 i s  s t a t i s -  

t i c a l l y  independent of t h e  d i r e c t i o n a l  angle  1. 

i s  assumed t h a t  how hard t h e  wind i s  blowing i s  not  a f f e c t e d  by t h e  d i r e c t i o n  

i n  which i t  i s  blowing.)  

w ,  0 ,  and Y may be cha rac t e r i zed  a s  s t a t i s t i c a l l y  independent,  Gaussian ran-  

dom processes .  

( S t a t e d  i n  another  way, it 

It is  assumed, i n  f i n e ,  t h a t  t h e  t h r e e  v a r i a b l e s  

Second Var ia t ion :  For t h i s  v a r i a t i o n ,  i t  i s  assumed t h a t  the t h r e e  

r ec t angu la r  components w w and w of  t h e  vec tor  wind ve loc i ty  may be 

cha rac t e r i zed  as  s t a t i s t i c a l l y  independent, Gaussian random processes .  
x '  y' Z 

Time l i m i t a t i o n s  have not  permi t ted  an i n v e s t i g a t i o n  of p o s s i b l e  re- 

l a t i o n s h i p s  and d i f f e r e n c e s  between t h e  above two v a r i a t i o n s  of  Assumption 1. 

The second v a r i a t i o n  provides  a l e s s  complex mechanization system when used 

w i t h  the  syn thes i s  procedure presented  i n  t h i s  t e c h n i c a l  no te .  

2-3. Assumption 2--Variance 

According t o  Assumption 1, t h e  s c a l a r  wind-veloci ty  magnitude w i s  

cha rac t e r i zed  as a Gaussian random process  w(x ,y , z , t )  depending on p o s i t i o n  

and t i m e .  L e t  a random va r i ab le  w be def ined  by s p e c i f i c a t i o n  of w for a 

s i n g l e  p o s i t i o n  (x ,y ,z ) and time t 
1 

as 1 1 1  1 

The var iance  of w i s  def ined  as 1 

U' 2 = E [(W - E [w,])~] 
1 1 W 

(2 .3)  

, (2 .4)  

-5- 



where E i s  t h e  expected value ope ra to r .  

It i s  assumed t h a t  t h e  var iance  of t h e  wind v e l o c i t y  i s  a func t ion  
2 

1’ 5 (y,) on ly  o f  the a l t i t u d e  y and does not  vary wi th  x z and t 
W 1 1’ 1’ 

S t a t e d  i n  another  way, i t  i s  assumed t h a t  t h e  magnitude of t he  ran- 

dom v a r i a t i o n s  o f t h e  wind v e l o c i t y  does not  change wi th  t ime o r  w i t h  a l t e r -  

a t i o n s  of p o s i t i o n  i n  a f i x e d  h o r i z o n t a l  p lane .  

An i d e n t i c a l  assumption i s  t o  be made f o r  t h e  f i v e  o t h e r  random pro- 

ces ses  8 ,  Y, wx, w , and w l i s t e d  i n  t h e  two v a r i a t i o n s  of Assumption 1. Y Z 

2-4. Assumption 3--Correlat ion C o e f f i c i e n t  

According t o  Assumption 1, t h e  s c a l a r  wind-veloci ty  magnitude w i s  

cha rac t e r i zed  as a Gaussian random process  w ( x , y , z , t )  depending on p o s i t i o n  

and t ime. Let two random v a r i a b l e s  w and w be def ined  by s p e c i f i c a t i o n  

of w f o r  any two pos i t i ons  and t imes as 
1 2 

(2 .5 )  

The dis tance s between the  two p o i n t  l o c a t i o n s  ( x  ,y  ,z ) and (x2 , Y 2 , Z 2 )  w i l l  
1 1 1  

i n  g e n e r a l  be given by 

S i m i l a r l y ,  t he  time i n t e r v a l  T between t h e  two i n s t a n t s  t, and t 

expressed i n  genera l  as 

may be  2 

= It 2 - tll . (2 .7 )  

The c o r r e l a t i o n  c o e f f i c i e n t  p of the  random v a r i a b l e s  w1 and W i s  2 
defined as 

-6- 



a I 

l -  
1 -  

Here, 0 

square r o o t  of t h e  var iance of w 

c o r r e l a t i o n  c o e f f i c i e n t  i s  a measure o f  the  c o r r e l a t i o n  o r  l i n e a r  dependence 

2‘ 
between t h e  random v a r i a b l e s  w and w 

i s  the  s tandard  devia t ion  o f  the  random v a r i a b l e  w l - i . e . ,  t h e  

The 1 W 
a s  was def ined  by Equation (2 .4 ) .  1 

1 
It i s  assumed t h a t  t h e  c o r r e l a t i o n  c o e f f i c i e n t  p a s  de f ined  above 

i s  a func t ion  p ( s , ~ )  only  o f  t h e  two v a r i a b l e s  s and T .  S t a t e d  i n  another  

way, t he  c o r r e l a t i o n  of  t h e  wind v e l o c i t i e s  a t  two d i f f e r e n t  p o s i t i o n s  and 

times depends only  on t h e  d i s t ance  between t h e  two p o s i t i o n s  and on t h e  

time i n t e r v a l  between t h e  two time i n s t a n t s .  

An i d e n t i c a l  assumption i s  made f o r  t h e  f i v e  o t h e r  random processes  

0 ,  Y, wx, w and w l i s t e d  i n  the two v a r i a t i o n s  o f  Assumption 1. Y’ Z 

2-5. Assumption 4-Mean Value 

The mean value m of  the random process  w(x ,y , z , t )  c h a r a c t e r i z i n g  
W 

t he  s c a l a r  wind-veloci ty  magnitude i s  def ined t o  be 

It i s  assumed t h a t  t he  mean va lue  of t h e  wind v e l o c i t y  i s  a func t ion  

m (y)  only  of t h e  a l t i t ude  y and does not  vary with x ,  z ,  and t. S t a t e d  i n  

ano the r  way, i t  i s  assumed t h a t  the average value of t h e  wind v e l o c i t y  does 

not  change w i t h  t ime o r  wi th  a l t e r a t i o n s  of  p o s i t i o n  i n  a f i x e d  h o r i z o n t a l  

p l ane .  

W 

An i d e n t i c a l  assumption is  made f o r  t h e  f i v e  o t h e r  random processes  

0 ,  Y, w w and w l i s t e d  i n  the two v a r i a t i o n s  of  Assumption 1. x’ y’ Z 

2-6. Assumption 5-Factor izat ion o f  C o r r e l a t i o n  C o e f f i c i e n t  

It i s  assumed t h a t  t h e  c o r r e l a t i o n  c o e f f i c i e n t  p ( s , ~ )  as def ined i n  

Assumption 3 above may be expressed as t h e  product  of a f u n c t i o n  depending 

o n l y  on s mul t ip l i ed  by a func t ion  depending only on T .  That i s ,  

(2.10) 

T h i s  assumption i s  made f o r  t h e  c o r r e l a t i o n  c o e f f i c i e n t s  o f  a l l  s i x  random 

processes  w ,  Y, 8 ,  wx, w and w l i s t e d  i n  the  two v a r i a t i o n s  of  Assumption 1. Y’ Z 
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This  f i f t h  assumption appears  t o  be  cons iderably  more r e s t r i c t i v e  

than  t h e  f i r s t  four .  It i s  p o s t u l a t e d  because i t s  use  permi ts  a s i m p l i f i -  

c a t i o n  bo th  i n  the  experimental  de te rmina t ion  of the  parameters  of  t h e  

mathematical  model of  t h e  wind v e l o c i t y  and i n  t h e  analog computer mechani- 

z a t i o n  of  the model. 
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111. EXPERIMENTAL DETERMINATION OF THE PARAMETERS OF THE 
MATHEMATICAL MODEL FOR RANDOM WIND VELOCITY 

3-1. In t roduc t ion  

I n  Chapter 11, s c a l a r  wind-veloci ty  magnitude w has been charac te r -  

i zed  as  a random process  w(x ,y ,z , t )  depending on bo th  space and t i m e  coordi-  

na t e s .  A s  was mentioned previous ly ,  t h i s  model has been cons t ruc ted  us ing  

assumptions s e l e c t e d  t o  s impl i fy  the experimental  de te rmina t ion  o f  parameters 

of t h e  model and a l s o  t o  s impl i fy  t h e  phys ica l  mechanization of  t h e  model by 

use  of  an analog computer network. The b a s i c  assumption i s  t h a t  t h e  wind 

v e l o c i t y  i s  r ep resen ted  by a Gaussian random process .  Thus, t h e  process  i s  

completely s p e c i f i e d  by a determinat ion of  i t s  f i r s t  and second o rde r  moments. 

The experimental  determinat ion of t h e s e  moments--as represented  by the  mean, 

va r i ance ,  and c o r r e l a t i o n  c o e f f i c i e n t - - i s  discussed i n  t h i s  chapter .  

A gene ra l  i n v e s t i g a t i o n  of t h e  ex ten t  of v a l i d i t y  of  t he  mathematical  

model would be o f  very  s u b s t a n t i a l  magnitude and has  not  been undertaken as 

pa:t of t h e  p re sen t  r e sea rch .  

exper imenta l  da t a  has  been ca r r i ed  o u t  us ing  a small number of  wind p r o f i l e s .  

These r e s u l t s  a r e  presented  i n  Chapter V. Also,  i n  t h a t  chapter  some simula- 

t e d  wind p r o f i l e s  generated by an  analog computer network a r e  shown f o r  com- 

p a r i s o n  w i t h  exper imenta l ly  determined wind p r o f i l e s .  

However, a c a l c u l a t i o n  of parameters  us ing  

3-2. Determination of Mean Value 

According t o  Assumption 4 of Chapter 11, the  mean value mw(y) of t he  

s c a l a r  wind v e l o c i t y  i s  a func t ion  only  of  t h e  a l t i t u d e  y and does not vary 

w i t h  x ,  z, and t .  

t h e  use  of N measured samples Wk,  k = 1,2 , . .N,  of  t he  ins tan taneous  wind 

v e l o c i t y  taken a t  t h e  s p e c i f i e d  a l t i t u d e .  

m (y )  may be taken t o  be t h e  sample mean 

The mean value a t  a f ixed  a l t i t u d e  may be es t imated  by 

The es t imate  of  t h e  mean value 
t 

W 

N 
1 

M(y) = f 1 Wk . (3.1) 
k = l  
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3-3. Determination o f  Variance 

L 

2 
According t o  Assumption 2 of Chapter 11, t h e  var iance  CT ( y )  of t h e  

W 
wind v e l o c i t y  i s  a f u n c t i o n  only of t h e  a l t i t u d e  y and does not  vary wi th  

x ,  z,  and t .  
of  N measured samples W k y  k = 1 , 2 , . . N y  of  t h e  ins tan taneous  wind v e l o c i t y  

taken a t  t h e  spec i f i ed  a l t i t u d e .  ( y )  may 
be taken t o  be the  sample var iance  

The var iance a t  a f i x e d  a l t i t u d e  may be es t imated  by t h e  use  

2 The e s t ima te  o f  the  var iance  o 
W 

(3 .2 )  

Here M(y) i s  the  sample mean def ined by Equation ( 3 . 1 ) ”  
us ing  the  same N samples W k y  k = 1,2,..NY t h a t  appear e x p l i c i t l y  i n  Equation 

This  i s  c a l c u l a t e d  

( 3 . 2 ) .  

1-4 .  Determination of  t h e  C o r r e l a t i o n  Funct ion 

Two random va r i ab le s  w and w r ep resen t ing  ins tan taneous  wind 1 2’ 
v e l o c i t y  a t  two pos i t i ons  and times, a r e  def ined  i n  accordance wi th  Equa- 

t i o n s  (2 .5)  a s  

The d i s t ance  between the  two p o s i t i o n s  ( x  ,y , z  ) and (x2,y2,z2) i s  g iven  by 

the  v a r i a b l e  s def ined i n  Equation (2 .6)  , and t h e  i n t e r v a l  between t h e  two 

time i n s t a n t s  t 

1 1 1  

and t 1 2 i s  g iven  by the  v a r i a b l e  T def ined  i n  Equation (2 .7) .  
The c o r r e l a t i o n  c o e f f i c i e n t  p of  the  random v a r i a b l e s  w and w 1 2 i s  

defined by Equation ( 2 . 8 ) .  

c o r r e l a t i o n  c o e f f i c i e n t  i s  a func t ion  p ( s , ~ )  dependent on ly  on t h e  two v a r i -  

ab l e s  s and 7 .  The c o r r e l a t i o n  c o e f f i c i e n t  f o r  t he  two f i x e d  p o s i t i o n s  and 

t imes may be est imated by t h e  use  o f  two s e t s  o f  N each exper imenta l  samples 

o f  t h e  instantaneous wind v e l o c i t y - - v i z . ,  W (x ,y  , z  k 1 1  1’1 
k = 1 , 2 , .  .N. 
t o  be 

According t o  Assumption 3 i n  Chapter 11, t h e  

t ) and Wk(x2yy2,z2 , t2)y  
The e s t ima te  o f  t h e  c o r r e l a t i o n  c o e f f i c i e n t  ~ ( s , T )  may be taken  
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Here aga in ,  M(yl) and M(y2) a r e  sample means a s  def ined by Equation (3.1), 
while  V(yl) and V(y2) a r e  t h e  square r o o t s  of  var iance es t imates  as def ined  

by Equation ( 3 . 2 ) .  

s e t s  of N each samples t h a t  appear e x p l i c i t l y  i n  Equation (3 .4) .  
All of these  a re  t o  be c a l c u l a t e d  using t h e  same two 

The use of Assumption 5 i n  Chapter I1 g r e a t l y  f a c i l i t a t e s  t h e  estima- 

t i o n  of t he  f u n c t i o n  p ( s , ~ ) .  

showing the  time v a r i a t i o n  of t he  wind v e l o c i t y  experienced by a sensor  a t  

a f i x e d  p o s i t i o n  i n  space can, by use  of  Equation (2 .10) ,  be used t o  approxi- 

mate the  f u n c t i o n  

A c o l l e c t i o n  of  p r o f i l e s  (sample func t ions )  

p(S=o,T) = p (S=o)  p (T) . 1 2 (3.5) 

Here, i n  t h e  c a l c u l a t i o n s  determining T = It 
f i x e d  a t  any convenient value and t may be allowed t o  vary.  Without l o s s  

o f  g e n e r a l i t y  p ( s = O )  may be assumed t o  equal  u n i t y .  

made i n  the  manner j u s t  described by using samples taken through use of a 

s t a t i o n a r y  sensor ,  t h e  es t imate  o f  t h e  func t ion  p,(T) may be expressed by 

the  es t imator  def ined  i n  Equation (3.4) : 

- til, t h e  time t 2 1 may be 

2 
When c a l c u l a t i o n s  a r e  1 

Next, a c o l l e c t i o n  of p r o f i l e s  (sample func t ions )  showing the  time 

v a r i a t i o n  of t h e  wind v e l o c i t y  experienced by a sensor  moving a long  any 

s p e c i f i e d  p a t h  may be used i n  making an  es t imate  of t he  func t ion  p ( s , ~ )  f o r  

t h e  r e l a t e d  values  of s and T t h a t  cha rac t e r i ze  the  cons t ra ined  pa th .  For 

example, t h e  wind sample p r o f i l e s  may be determined by observa t ions  on a 

v e r t i c a l l y  ascending ba l loon .  Here, t he  coord ina tes  x and z remain f i x e d ,  

and the  v a r i a b l e  s i s  ca lcu la ted  a s  t h e  d i f f e r e n c e  of two a l t i t u d e s  y and 1 
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, 

y2. 
t o  accumulate t h e  requi red  number o f  samples, and it  i s  assumed t h a t  the  

r a t e  a t  which t h e  bal loon rises i s  t h e  same f o r  each d i f f e r e n t  a scen t .  

It i s  necessary t o  make observa t ions  f o r  N independent ba l loon  a scen t s  

Once the  func t ion  p ( s , ~ )  i s  determined f o r  any a r b i t r a r y  sensor  pa th ,  

t h e  f u n c t i o n  p ( s )  is  e a s i l y  determined by use of Equations (2.10) and ( 3 . 6 ) :  1 

( 3 . 7 )  

The determinat ion of  t h e  func t ion  p ( s )  as expressed i n  Equation ( 3 . 7 )  
1 

and t h e  determinat ion of t h e  func t ion  p ( 7 )  as expressed i n  Equation(3.6) 
2 

permit t h e  c a l c u l a t i o n  of  t h e  func t ion  p ( s , ~ )  def in ing  the  c o r r e l a t i o n  c o e f f i -  

c i e n t  by use  of Equation (2.10):  

The assumption t h a t  t h e  wind v e l o c i t y  does not  vary wi th  time a t  any 

f i x e d  p o s i t i o n  may be incorpora ted  i n t o  the  mathematical  model by assuming 

t h e  func t ion  p ( 7 )  i n  Equation (2.10) t o  equal  t h e  cons t an t  u n i t y .  I n  t h i s  

case ,  i t  i s  not  necessary t o  perform t h e  s e t  of measurements t h a t  have been 

descr ibed  f o r  t he  s t a t i o n a r y  sensor .  Here, samples taken i n  t h e  manner de- 

s c r ibed  by  use of  an ascending ba l loon  a r e  adequate t o  provide  e s t ima tes  f o r  

t he  mean va lue ,  the var iance ,  and t h e  c o r r e l a t i o n  func t ion .  For t h i s  assump- 

t i o n ,  t h e  random process c h a r a c t e r i z i n g  wind v e l o c i t y  depends upon p o s i t i o n  

parameters  a lone .  

2 

I n  t h i s  chapter ,  t h e  formulas r e l a t e d  t o  t h e  de te rmina t ion  of para-  

meters f o r  t h e  wind v e l o c i t y  model have been expressed i n  terms of  t h e  

magnitude w of t h e  vec tor  wind v e l o c i t y .  

t o  the  determinat ion of the  parameters  c h a r a c t e r i z i n g  the  f i v e  o t h e r  random 

processes  0 ,  Y ,  wx, w 

The formulas are e q u a l l y  a p p l i c a b l e  

and w in t roduced  i n  t h e  mathematical  model. Y '  Z 
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I V .  MECHANIZATION OF THE MATHEMATICAL MODEL 

4-1. In t roduc t ion  

I n  Chapter I1 the  wind ve loc i ty  o f  any p o s i t i o n  i n  space and a t  any 

The coord ina tes  of  time was cha rac t e r i zed  as a random process  w(x ,y , z , t ) .  

a veh ic l e  o r  sens ing  element moving along an a r b i t r a r y  p a t h  through space 

may be descr ibed  by t h r e e  time func t ions  x ( t ) ,  y ( t ) ,  and z ( t ) .  
t h e  wind v e l o c i t y  experienced by the sensing element i s  descr ibed  by t h e  

composite, time-parameter random process  

I n  t h i s  ca se ,  

I n  t h i s  chapter  t he  covariance-expansion method o f  syn thes i s  t h a t  was 

p resen ted  i n  P r o j e c t  A-588 Technical Notes Nos. 3 and 11 i s  app l i ed  t o  t h e  

approximation of t he  random process f ( t )  . This  method has  been d iscussed  i n  

d e t a i l  i n  t h e s e  prev ious  t echn ica l  no te s ;  hence, no d e t a i l s  o f  proof  of  

v a l i d i t y  f o r  t h e  procedure are presented he re .  Only those  s t e p s  t h a t  are 

necessary  f o r  implementation o f  the method a r e  included.  

The analog computer network synthes ized  by  t h e  procedure d iscussed  

i n  t h i s  chapter  has as outputs  three v a r i a b l e s  t h a t  approximate the  components 

of t h e  vec tor  wind v e l o c i t y  a t  any s p e c i f i e d  time and p o s i t i o n  i n  space.  

These ou tpu t s  may be used t o  s imulate  t h e  e f f e c t  of wind turbulence on a 

rocke t  or o the r  aerospace vehic le  i n  f l i g h t .  The analog computer network 

has as inpu t s  a Gaussian white-noise waveform, a f u n c t i o n  of time rep resen t -  

i n g  t h e  ins tan taneous  a l t i t u d e  of t h e  moving veh ic l e ,  and a func t ion  of  time 

r e p r e s e n t i n g  the  s c a l a r  v e l o c i t y  o f  t he  veh ic l e .  

It should be noted t h a t  the mechanization t h a t  i s  presented  here  

allows f o r  a three-dimensional  movement of  t h e  veh ic l e ,  o r  sensing element,  

w i t h  an analog computer network t h a t  i s  i d e n t i c a l  t o  the  one t h a t  i s  r equ i r ed  

f o r  a v e r t i c a l ,  one-dimensional motion o f  t h e  sens ing  element. 

f i ed  mechanization i s  accomplished by u s e  o f  c e r t a i n  approximations f o r  t he  

d i s t a n c e  s (see Equations (4 .5)  and (4.6)) .  

This  s impl i -  

The s y n t h e s i s  method i s  presented i n  t h i s  chapter  i n  terms of simu- 

l a t i o n  o f  t he  wind-ve loc i ty  magnitude w.  However, t h e  syn thes i s  method i s  

e q u a l l y  app l i cab le  t o  the  s imula t ion  of the  f i v e  o t h e r  random processes  9, Y, 
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w w and w l i s t e d  under Assumption 1 f o r  t h e  mathematical  model i n  

Sec t ion  2-2 of Chapter 11. 
x’ y’ Z 

4-2. The Covariance-Expansion Synthes is  Method 

The mean value of t h e  wind ve loc i ty ,  a s  expressed by Equation (2.9), 
i s  assumed t o  be  a func t ion  m ( y )  of a l t i t u d e  y only.  

func t ion- -not  a random process .  Accordingly,  t h e  mean value may be generated 

by a f u n c t i o n  generator  having as input  t h e  va r i ab le  y .  “his being accom- 

p l i s h e d ,  without  loss of g e n e r a l i t y  the  covariance-expansion method i s  

appl ied  t o  t h e  genera t ion  o f  a random process  f ( t )  havirig a mean value equal  

t o  zero.  The t o t a l  wind v e l o c i t y  i s  obta ined  by adding t h e  random process  

f ( t )  t o  the  determinate func t ion  mw(y). 

This  i s  a determinate  
W 

The covariance func t ion  r ( t ’ , t )  of t h e  random process  f ( t )  i s  def ined  

a s  

where : 

t ’  = l a r g e r  of ( t  and t ) 

t = smaller of  ( t  and t2).  
1 2 

1 
Implementation of the  covariance-expansion method r e q u i r e s  t h a t  the  covari-  

ance func t ion  b e  expressed as a f i n i t e  expansion i n  t h e  form 

n 

(4.3) 
i =1 

The covariance f u n c t i o n  f o r  t h e  random wind v e l o c i t y  w ,  w i t h  mean 

value assumed equal t o  zero ,  may be  found by r e w r i t i n g  Equat ion ( 2 . 8 ) :  

A s  before ,  w = w(x2,y2,z2, t ) r e p r e s e n t  t h e  wind 

v e l o c i t y  a t  any two p o s i t i o n s  and t imes.  An inspec t i .on  of Equat ion ( 4 . 4 )  
shows t h a t  t h i s  covariance f u n c t i o n  depends on ly  on a l t i t u d e ,  on t h e  d i s -  

t ance  s between the two space p o s i t i o n s  ( x  , y  ,z ) and (x2 ,y2 ,z2) ,  and on 

= w(xl,yl,zl,tl) and w 1 2 

1 1 1  



Y h 

t h e  t i m e  i n t e r v a l  T = It The covariance func t ion ,  expressed 

i n  Equation (4.2), of t h e  random process  f ( t )  i s  found from Equation (4 .4)  by 

al lowing the  p o s i t i o n  coord ina tes  (x ,y , z )  t o  become func t ions  of t i m e  ( x ( t ) ,  

y ( t ) ,  z ( t ) )  desc r ib ing  t h e  varying p o s i t i o n  of  t he  sens ing  element.  

- t 1 = t '  - t .  2 1  

I n  o rde r  t h a t  t he  covariance f u n c t i o n  of  f ( t )  may be expressed i n  t h e  

r equ i r ed  form of Equation (4.3) i t  i s  expedient  t o  approximate t h e  d i s t a n c e  

s between any two p o s i t i o n s  of t he  moving sensing element i n  terms of  the  

s c a l a r  v e l o c i t y  v ( t )  of t he  element. 

of a l lowing a mechanization designed f o r  one-dimensional motion of  t h e  sens- 

ing  element t o  be used without  modif icat ion f o r  three-dimensional  motion. 

This  provides  t h e  i n c i d e n t a l  b e n e f i t  

Two methods of  approximation o f  t h e  d i s t ance  s w i l l  be  presented .  

F i r s t  s may be approximated by the expression 

t f  t 

0 0 

Here, v ( t )  i s  t h e  s c a l a r  v e l o c i t y  o f  the  sensing element.  

t h e  f i rs t  term of the express ion  i s  a func t ion  of t '  only ,  and the  second 

term i s  a f u n c t i o n  of t only .  

It i s  noted t h a t  

The r igh t -hand side of (4.5) e x a c t l y  r e p r e s e n t s  t o t a l  d i s t ance  t r a v e l -  

ed along t h e  p a t h  o f  motion o f  the sens ing  element dur ing  t h e  time i n t e r v a l  

T = t -t.  This  i s  obviously a good approximation f o r  t h e  d i s t ance  between 

the  p o s i t i o n s  a t  times t '  and t provided motion i s  almost along a s t r a i g h t  

l i n e .  

f 

The c o r r e l a t i o n  c o e f f i c i e n t  p(s,T) tends t o  zero  as d i s t ance  s and 

t i m e  i n t e r v a l  T i nc rease .  

t h a t  t h e  movement of t h e  sensing element be approximately along a s t r a i g h t  

l i n e  e i t h e r  f o r  a l l  d i s t ances  s t h a t  a r e  small enough t h a t  p ( s , ~ )  i s  appre- 

c i a b l y  d i f f e r e n t  from zero  o r  f o r  a l l  t i m e  i n t e r v a l s  T smal l  enough t h a t  

p ( s , ~ )  i s  apprec iab ly  d i f f e r e n t  from zero .  

a c c u r a t e  c a l c u l a t i o n  of s i s  n o t  needed because a l l  c a l c u l a t i o n s  of t he  

c o r r e l a t i o n  c o e f f i c i e n t  provide a va lue  very nea r ly  equa l  t o  zero.  

For v a l i d i t y ,  t he  approximation o f  (4.5) r equ i r e s  

For l a r g e r  va lues  of s o r  T an  

A second p o s s i b l e  approximation f o r  t h e  d i s t a n c e  s i s  obta ined  by 

s l i g h t l y  modifying t h e  r e l a t i o n s h i p  t h a t  expresses  d i s t a n c e  as t h e  product  

o f  v e l o c i t y  mul t ip l i ed  by time. Thus, 
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s = t' v ( t ' )  - t v ( t )  . (4.6) 

It i s  noted t h a t  one of the  two product terms i n  (4.6) involves  only  t ' ,  and 

t h e  o t h e r  term involves only  t .  

The approximation of  (4 .6 )  i s  more r e s t r i c t E v e  than  t h a t  of (4 .5 ) ,  
but  i n  some cases  is  expected t o  l e a d  t o  a l e s s  complex mechanization. For 

v a l i d i t y ,  t he  approximation of  (4 .6)  r equ i r e s  t h a t  t he  movement o f  t he  sens-  

ing  element be approximately a t  constant  v e l o c i t y  and a long  a s t ra ight ,  l i n e  

e i t h e r  f o r  a l l  d i s t ances  s t h a t  a r e  smal l  enough t h a t  P ( S , T )  i s  apprec iab ly  

d i f f e r e n t  from zero o r  f o r  a l l  t ime i n t e r v a l s  7 small enough t h a t  p(s,T) i s  

apprec iab ly  d i f f e r e n t  from zero .  

It w i l l  be assumed t h a t  t h e  covariance func t ion  f o r  the  composite 

random process  f ( t ) ,  as found by use of ( 4 . 4 ) ,  can be expressed i n  the  form 

shown i n  Equation (4.3) when one of t he  two approximations d iscussed  above 

i s  u t i l i z e d  f o r  the d i s t a n c e  va r i ab le  s .  Representa t ion  i n  t h i s  form, e i t h e r  

e x a c t l y  o r  a s  an  approximation, i s  necessary f o r  the  implementation of t h e  

covariance-expansion syn thes i s  method. 

It i s  t o  be emphasized t h a t  t h e  func t ions  @ . ( t )  and y . ( t )  i n  Equat ion 

(4.3) depend e x p l i c i t l y  on t h e  a l t i t u d e  y ( t )  and on t h e  s c a l a r  v e l o c i t y  v ( t )  

of t h e  sensing element because o f  t h e  use of (4 .4)  and e i t h e r  ( 4 . 5 )  o r  (4 .6)  
i n  the  eva lua t ion  o f  r ( t ' , t ) .  

1 1 

An analog computer network i s  t o  be synthes ized  having t h r e e  inpu t s :  

a Gaussian white-noise  waveform, a func t ion  of t ime y ( t )  r ep resen t ing  a l t i -  

tude,  and a funct ion of time v ( t )  r e p r e s e n t i n g  t h e  ins tan taneous  s c a l a r  

v e l o c i t y  o f  t he  sensing element.  The output  of t h e  network i s  t o  be t h e  

composite random process  f ( t )  r ep resen t ing  the  wind v e l o c i t y  observed by t h e  

moving sensing element. 

The analog computer network t o  be synthes ized  i s  cha rac t e r i zed  by t h e  

nth-order  d i f f e r e n t i a l  equat ion  

f (11) + Pn-1 ( t )  f ( - l )  + . . + p l ( t )  f ( l )  + p o ( t )  f 

! Here, f ( k )  denotes the  k t h  d e r i v a t i v e  of t h e  f u n c t i o n  f w i t h  r e s p e c t  t o  

(4.7) 



b 

! "  

t ime.  The f u n c t i o n  g r e p r e s e n t s  the Gaussian white-noise  inpu t  t o  the  

analog computer network. 

I n  o r d e r  t o  avoid  d i f f e r e n t i a t i o n  of t he  noise  input  g(  t ) ,  t h e  nth- 

o rde r  d i f f e r e n t i a l  Equation (4.7) may be converted i n t o  a set  o f  n f i r s t -  

o rde r  d i f f e r e n t i a l  equat ions .  To make t h i s  conversion t h e  fol lowing d e f i -  

n i t i o n s  a r e  used: 

f ( t )  = f l ( t )  

This  s e t  can be  w r i t t e n  more concise ly  i n  mat r ix  n o t a t i o n  as 

where 

F =  

F") = A ( t )  F + B ( t )  g 

[f] = [fl] = H F 

n- 1 

n 

B ( t )  = 

(4.9) 

(4.8) 

-17- 



A ( t )  = 

1 0 0 .  

0 1 0 0  

0 0 0 .  

0 0 0 '  

a 0 0  

- 0 0  

The elements ak and b i n  (4.8) a r e  r e l a t e d  t o  t h e  c o e f f i c i e n t s  
k 

and q i n  (4 .7 )  as fo l lows:  'k k 

n- 1- k 
- (n-1- j -k)  

'k - 
j =O 

n-1-k 
(n-1- j ) !  (n-1- j -k)  . . 

'k = 1 kl  (n-1- j -k) !  n-1- j  
j =O 

(4 .10)  

(4.11) 

I f  t h e  pk and q k 
f o r  the ak and b 

are  known, then  (4.10) and ( 4 . 1 1 )  can be solved s e q u e n t i a l l y  

k '  
A determinant L may be def ined  a s  

L =  (4.12) 

If t h i s  determinant i s  equated t o  zero i t  can be  shown t h a t  t h e  c o e f f i c i e n t  

- 18- 



a 

I .  

c 

of f ( k ) ( t )  i n  t he  r e s u l t i n g  expression i s  equal  t o  the  corresponding c o e f f i -  

c i e n t  p ( t )  i n  Equation (4.7). 
t i o n s  of (4.8) and t h e  mat r ix  A ( t )  of (4.9) can be obtained d i r e c t l y  by 

using (4.10) .  

a l t i t u d e  y ( t )  and t h e  v e l o c i t y  v ( t )  of t he  sensing element because of t he  

dependence of qji(t) on t h e s e  func t ions .  

(4.9) must be determined. 

The elements a ( t )  t h a t  appear i n  the  equa- k k 

It i s  noted t h a t  the elements a ( t )  depend e x p l i c i t l y  on t h e  k 

To complete the  syn thes i s  procedure,  t he  elements b k ( t )  of (4.8) and 

The @&t) of the  covariance f u n c t i o n  o f  (4.3) may be used i n  t h e  con- 

s t r u c t i o n  of a fundamental matr ix  @ (  t)  : 

@(t)  = 

where 

(4.13) 

(4.14)  

Here,  t h e  @,(t) of Equation (4.3) a r e  assumed t o  be l i n e a r l y  independent. 

However, if one of t h e  @i(t) i s  not l i n e a r l y  independent, it may be ex- 

pres sed  as a combination of t he  remainder and t h e  index n can be reduced by 

one. 

It must aga in  be emphasized t h a t  t he  @,(t) depend on the  func t ions  

v( t )  and y ( t )  . 
d i f f e r e n t i a t i o n  r equ i r ed  i n  (4.14). 

p l i c i t l y  on t h e  func t ions  v ( t )  and y ( t ) .  

Thus, t he  chain r u l e  must be used when performing t h e  

Both @ and i t s  d e r i v a t i v e  depend ex- k 

The elements of t h e  fundamental matr ix  @(t)  can be determined by 

a p p l i c a t i o n  of (4.14) once the  a , ( t )  have been found by the  procedure t h a t  

has j u s t  been explained.  

-19- 



A mat r ix  R ( t ‘ , t )  may now be def ined  as 

I It can be shown tha t ,  

R ( t ’ , t )  = Q(t‘) D ( t )  QT(t)  (4.15j  

Here, t h e  elements d i j ( t )  of the  mat r ix  D ( t )  a re  def ined  i n  terms of  the  

@&t) and y i ( t )  of (4.3) as 

= o  f o r  i + j 
T 

A mat r ix  R ( t ’ , t )  i s  now def ined  a s  

Also, Q denotes  the t ranspose  of  t he  mat r ix  Q. 
SC 

R * ( t ’ , t )  = R T ( t , t ’ )  

= Q ( t )  D ( t ’ )  QT(t’) . 

Let A ( t ’ , t )  denote t h e  d i f f e r e n c e  

F i n a l l y ,  l e t  6 . . ( t )  be t h e  d i agona l  elements of t h e  mat r ix  
11 

a 
a t  ’ 
- A ( t ’ , t )  

t’  = t 

b n- i ( t )  =/- 11 , i = 1 , 2 , . . n  . 

The mat r ix  B(t) i s  now s p e c i f i e d ,  t hus  complet ing the syn thes i s  

(4.16) 

(4.17) 

(4.18) 

(4.19) 

(4 .20)  



procedure.  

4-1. The Mechanization Svstem 

The mechanization system f o r  genera t ing  a nons ta t ionary  random pro- 

cess  t h a t  approximates wind turbulence i s  obtained by cons t ruc t ing  an analog 

computer network t h a t  r e a l i z e s  the d i f f e r e n t i a l  equat ions of (4.8) o r  (4.9). 
A block diagram of t h e  mechanization system i s  shown i n  Figure 4.1. 
noted t h a t  d i f f e r e n t i a t i o n  o f  t h e  input  white-noise  waveform is  not  r equ i r ed  

i n  this system. 

It i s  

It i s  important t o  achieve the  proper  i n t e g r a t o r  i n i t i a l  condi t ions  

a t  t h e  beginning of a computation cycle  ( t = O )  i f  t h e  output  of t he  mechani- 

z a t i o n  system i s  t o  r e a l i z e  the  cor rec t  covariance func t ion .  D i f f e ren t  

i n i t i a l  condi t ions  app l i ed  t o  the  same mechanization system wi th  t h e  same 

pos i t i on - func t ion  inpu t  may give rise t o  widely d ivergent  covariance func- 

t i o n s .  The i n i t i a l  condi t ions may be a l t e r e d  by manipulation of t he  white- 

no ise  input  and the  pos i t ion- func t ion  inputs  dur ing  r e s e t t i n g  of t he  analog 

computer j u s t  p r i o r  t o  t = 0. I n  genera l ,  it i s  requi red  t h a t  t he  s teady-  

s t a t e  ope ra t ion  obta ined  during the r e s e t  cyc le  correspond t o  the des i r ed  

i n i t i a l  values  of t he  pos i t ion- func t ion  inpu t s  a t  t he  beginning of t h e  com- 

pu t  a t  i o n  i n t e r  Val. 

The mechanization system shown i n  F igure  4 . 1  genera tes  a s i n g l e  

component of t he  vec tor  wind ve loc i ty .  Two a d d i t i o n a l  networks of t h e  same 

type  a r e  r equ i r ed  if a l l  t h r e e  components a r e  t o  be  generated.  I n  case  t h e  

second v a r i a t i o n  of Assumption 1 of the  mathematical model i s  used,  each of 

t h e  th ree  v e l o c i t y  components wx, w 

white-noise  genera tor  a s soc ia t ed  wi th  an analog computer network of t he  type 

shown i n  F igure  4.1. 

and w i s  generated by a sepa ra t e  Y’ Z 

I n  case  t h e  f i rs t  va r i a t ion  of  Assumption 1 of the  mathematical model 

i s  used,  each of t h e  t h r e e  var iab les  w ,  0 ,  and I’ i s  generated by a s e p a r a t e  

white-noise  gene ra to r  a s soc ia t ed  wi th  an analog computer network of t he  type 

shown i n  F igu re  4.1. I n  t u r n ,  the t h r e e  ve loc i ty  components w w , and w 

a r e  obta ined  from the  t h r e e  var iab les  w ,  0 ,  and Y by a mechanization of t h e  

r e l a t i o n s h i p s  g iven  a s  Equation (2.2).  

Z x’ y 

- 21- 
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V. MECHANIZATION OF A SIMPLE MODEL 

5-1. In t roduc t ion  

The covariance-expansion syn thes i s  method i s  app l i ed  i n  t h i s  chapter  

t o  t h e  mechanization of a simple mathematical model intended t o  s imula te  the 

behavior  of random wind. Wind ve loc i ty  p r o f i l e s  genera ted  by an analog com- 

p u t e r  network used t o  implement the mechanization are presented  f o r  compari- 

son w i t h  experimental ly  determined wind p r o f i l e s .  

I n  t h e  example of t h i s  chapter  a s i n g l e  component w o f  wind v e l o c i t y  
X 

i s  genera ted .  

t h e  component w 

v e h i c l e  or sens ing  element. The sensing element may fol low an a r b i t r a r y  p a t h  

i n  three-dimensional  space.  The th ree  requi red  inpu t s  t o  the  s imula t ion  ne t -  

work a r e  a Gaussian white-noise  waveform, a func t ion  y ( t )  r ep resen t ing  the  

ins tan taneous  a l t i t u d e  of  t h e  sensing element,  and a func t ion  v ( t )  represent -  

ing t h e  s c a l a r  v e l o c i t y  of the  sensing element. 

The ou tpu t  f ( t )  of t he  analog computer network approximates 

o f  random wind ve loc i ty  t h a t  i s  experienced by a moving 
X 

5-2. Appl ica t ion  of  t he  Synthesis  Procedure 

It w i l l  be assumed t h a t  the s tandard  d e v i a t i o n  of the  wind v e l o c i t y  

w i s  a cons tan t  not  varying w i t h  time o r  pos i t i on :  

It w i l l  be  assumed t h a t  t h e  c o r r e l a t i o n  c o e f f i c i e n t  of the  wind v e l o c i t y  i s  

g i v e n  by the  express ion  

(5.2) 

The c o r r e l a t i o n  func t ion  of  w a s  expressed by (4.4) becomes 

2 -as -87 . = G  e e 

By us ing  the approximation f o r  d i s t ance  s given i n  ( 4 . 5 ) ,  t he  d e f i n i -  

-23- 



1 4 

t i o n  o f  7 from (2 .7)  and ( 4 . 2 ) ,  and the  covariance func t ion  of (5 .3) ,  t he  

covariance func t ion  of f ( t )  a s  expressed by (4 .2)  o r  (4 .4)  becomes 

r ( t ’ , t )  = E[W w ] 1 2  (5 .4)  

0 0 

This  expression i s  seen t o  be  i n  the  r equ i r ed  form of (4 .3)  w i t h  n = 1. 

c o e f f i c i e n t s  @,(t‘) and y ( t )  of (4.3) a r e :  

The 

1 
t’ 

qjl(t’) = o exp [ -a t ’  - cy v (h )  dh] . (5 .5)  
0 

t 

y ( t )  = cr exp [ p t  - cy v ( h )  dE?J . 1 
0 

The pk c o e f f i c i e n t s  o f  (4.7) a r e  determined by use of  t h e  determinant  

L def ined  i n  (4.12) : 

(5 .7 )  

Expanding t h i s  determinant by t h e  use  o f  (5 .5)  and equat ing  t h e  determinant  

t o  zero ,  t h e r e  r e s u l t s :  

f ( l )  + (a + cy v ( t ) ,  \ f = 0 . 

A comparison of (5.8) wi th  ( 4 . 7 )  shows t h a t  

(5.8) 

(5.9) 

Use of  (4.10) provides t h e  s i n g l e  coe f f i c i e r i t  0-f t h e  A ( t )  mat r ix  of (4 .9) :  

a o ( t )  = p o ( t )  = B + cy v ( t )  . 

-24- 
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The s i n g l e  coe f f i c i en t  o f  the Q ( t )  matrix of  (4 .13)  i s  found by use of 

(4.14) and ( 5 . 5 ) :  

t 

= o exp [ - B t  - cy v(h )  dh] . 
0 

(5.11) 

The s i n g l e  c o e f f i c i e n t  of the D ( t )  mat r ix  o f  (4.15) i s  found by the  use of  

(4 .16 ) ,  (5 .5 ) ,  and (5 .6) :  

The single element matrix R ( t ' , t )  o f  (4.15) i s  found by use of (5.11) and 

(5.12): 

R ( t ' , t )  = @ ( t ' )  D ( t )  BT(t)  

t t 

0 0 

* 
The matrix R ( t , ' t )  of (4.17) i s  

* T R ( t ' , t )  = R ( t , t ' )  

t f  t 

0 0 

(5 .13)  

(5.14) 

The d i f fe rence  matrix of (4.18) is  found by use of (5 .13)  and (5.14) .  

-25- 



* 
A ( t ’ , t )  = R ( t ‘ , t , )  - R ( t ’ , t )  

tl t 
I- = o 2 exp [ - B t ’  - CY [ v(h )  dh] exp L B t  + CY [ v(h)  dh] 

0 0 

t‘ t 

(5.15) 

The mat r ix  of (4.19) i s  found by use  o f  (5.15): 

F i r a l l y ,  t h e  s i n g l e  c o e f f i c i e n t  i n  the  B ( t )  mat r ix  o f  (4.9) i s  found by use 

of (4 .20)  and (5.16) .  

(5.17) 

Spec i f i ca t ion  of t h i s  c o e f f i c i e n t  completes the  s y n t h e s i s  procedure.  

‘The d i f f e r e n t i a l  equat ion c h a r a c t e r i z i n g  the  mechanizat ion system f o r  t h e  

r e a l i z a t i o n  of  the  random wind v e l o c i t y  f ( t )  i s  obta’ined by s u b s t i t u t i n g  

t h e  c o e f f i c i e n t s  o f  (5 .10)  and (5.17) i n  t he  equa t ion  of (5.8): 



The s o l u t i o n  of t h i s  d i f f e r e n t i a l  equat ion  r e a l i z e s  t h e  composite random 

process  f ( t ) .  A s  was explained i n  Sec t ion  4-2, t he  output  o f  a func t ion  

genera tor  may be added t o  t h i s  so lu t ion  t o  produce a random process  having 

nonzero mean value m ( y ) .  The block diagram of an  analog computer network 

whose output  approximates the  composite random process  f ( t )  i s  shown i n  

F igure  5.1.  

W 

5-1. ComDarison wi th  ExDerimentai Wind P r o f i l e s  

Experimental  wind da ta  taken by r ada r  observa t ion  of an ascending * 
Jimsphere ba l loon  was used t o  determine parameters f o r  the  mechanization 

presented  i n  Sec t ion  5-2. Th i r ty  experimental  wind p r o f i l e s  were used t o  

c a l c u l a t e  t he  mean value m(y) and s tandard  dev ia t ion  a ( y )  o f  t h e  x component 

w of the  wind ve loc i ty .  

used f o r  t h e s e  c a l c u l a t i o n s .  These experimental  values  a r e  shown i n  F igures  

5.2 and 5.3. 

The es t imators  of  Equations (3.1) and (3 .2)  were 
X 

The same p r o f i l e s  were used t o  c a l c u l a t e  t he  c o r r e l a t i o n  coe f f i -  

c i e n t  a s  a f u n c t i o n  of t he  v e r t i c a l  d i s t ance  i n t e r v a l  s = Iy 2 - Y1l The 

e s t ima to r  of Equation (3.4) was used f o r  t h i s  c a l c u l a t i o n .  

values’are shown i n  Figure 5.4. 
The experimental  

I n  o rde r  t o  f i t  the  mathematical model of Sec t ion  5-2 t o  the  exper i -  

mental  da t a  j u s t  d i scussed ,  the following parameter values  were se l ec t ed :  

(y )  = 12.5 ; 
X 

OW 

(5.19) 

J 

These parameter values  f o r  t h e  mathematical model a r e  shown a s  s o l i d  l i n e s  

i n  F igu res  5.2,  5.3, and 5.4. 

* 
See Reference 7 i n  t h e  Bibliography. 
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An inspec t ion  of (5.19) shows t h a t  t h e  parameter va lues  of  CY = 0 . i  

and @ = 0 have been s e l e c t e d  f o r  t h e  c o r r e l a t i o n  c o e f f i c i e n t  of (5 .3) .  
An analog computer network was b u i l t  t o  mechanize t h e  mathematical  

model f o r  t h e  example presented  i n  t h i s  chapter .  The parameter values  given 

i n  (5.19) were used f o r  the  mathematical  model, 

To provide an i n d i c a t i o n  o f  t he  e f f e c t i v e n e s s  of t h e  s imula t ion ,  wind 

-v-elocity p r o f i l e s  a s  a func t ion  of a l t i t u d e  y were genera ted  by the  computer 

fietwork. To accomplish this, t h e  setising element was ass igned  a cons tan t  

v e r t i c a l  v e l o c i t y  v ( t )  as i t  moved from y =: 0 t o  y = 20 k i lome te r s ,  

t y p i c a l  p r o f i l e s  generated by t h e  analog computer network a r e  shown i n  

F igure  5 .5 .  
measured wind ve loc i ty  p r o f i l e s  as given i n  Reference 7 o f  t h e  Bibliography. 

Seve ra l  

For comparison, F igure  5.6 p r e s e n t s  s e v e r a l  exper imenta l ly  
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VI. CONCLUSIONS 

This r e p o r t  p re sen t s  a summary of t he  r e s u l t s  ob ta ined  over t h e  p a s t  

s e v e r a l  yea r s  i n  research  on the  analog genera t ion  of nons t a t iona ry  random 

processes .  The b a s i c  syn thes i s  procedure,  c a l l e d  the  covariance-expansion 

method, developed during t h e  research  was presented  i n  Technical  Note No. 3. 
This  b a s i c  procedure permi t ted  the syn thes i s  of a network t o  gene ra t e  an 

a r b i t r a r y ,  nons ta t ionary ,  Gaussian random process .  However, it, r e q u i r e s  the  

s p e c i f i c a t i o n  of t he  s t a t i s t i c a l  moments of t he  process  a s  a func t ion  of  

t ime.  Thus, i n  applying t h e  method of  Technical  Xote Xo. 3 t o  t h e  simula- 

t i o n  of wind d is turbances  a f f e c t i n g  a moving veh ic l e ,  i t  i s  necessary t o  

cons t ruc t  a d i f f e r e n t  network f o r  each d i f f e r e n t  f l i g h t  p a t h .  

r e sea rch  the  syn thes i s  method was adapted t o  permit a s i n g l e  network t o  be 

used f o r  t h e  approximation of random dis turbances  a f f e c t i n g  a vehic le  follow- 

ing  an  a r b i t r a r y  p a t h  o f  motion. Here, time func t ions  descr ib ing  the  motion 

of  t h e  veh ic l e  a r e  used a s  inputs  t o  t h e  s i n g l e  network. 

I n  subsequent 

An o u t l i n e  of t h e  covariance-expansion syn thes i s  method is  included 

i n  t h i s  t e c h n i c a l  no te .  Also,  a mathematical model f o r  random wind turbu- 

l ence  i s  included.  This  model has been constructed using assumptions s e l e c t -  

ed t o  s impl i fy  t h e  experimental  determinat lon of parameters of t h e  model and 

a l s o  t o  s impl i fy  t h e  phys ica l  mechanization of  the  model. 

Chapter V of t h i s  t echn ica l  no te  d iscusses  the  mechanization of a 

s imple mathematical model of one h o r i z o n t a l  component of random wind velo- 

c i t y .  The mechanization permi ts  t he  s imula t ion  of t h e  wind d is turbance  t h a t  

a f f e c t s  a vehic le  moving on an a r b i t r a r y  pa th  i n  three-dimensional  space.  

Cons is ten t  w i th  the  r e s t r i c t e d  amount of experimental  wind da ta  t h a t  

has  been s tud ied  i n  the  p re sen t  p r o j e c t ,  t h e  r e sea rch  that has  been sumnari- 

zed i n d i c a t e s  t h a t  the  covariance-expansion syn thes i s  method can be used t o  

c o n s t r u c t  an  analog computer network t h a t  approximates the  s a l i e n t  s t a t i s t i -  

c a l  c h a r a c t e r i s t i c s  of wind turbulence.  
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